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Abstract 

A classical result in Lorentzian geometry states that a strongly causal spacetime is 
globally hyperbolic if and only if the Lorentzian distance is finite valued for every 
metric choice in the conformal class. It is proved here that a non-total imprisoning 
spacetime is globally hyperbolic if and only if for every metric choice in the conformal 
class the Lorentzian distance is continuous. Moreover, it is proved that a non-total 
imprisoning spacetime is causally simple if and only if for every metric choice in the 
conformal class the Lorentzian distance is continuous wherever it vanishes. Finally, 
a strongly causal spacetime is causally continuous if and only if there is at least 
one metric in the conformal class such that the Lorentzian distance is continuous 
wherever it vanishes. 2000 MSC: 53C50; 53C80; 83C75 
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1 Introduction 



Let (M, g) be a spacetime, tlie Lorentzian distance function d : M x M —>■ 
[0, +oo] is defined by, 

d{p,q) = sup^/(7) 

where 7 : [a, 6] — M is the generic causal curve connecting p to q and / is 
the Lorentzian length functional = ^J—g{'j, 7) dt. If there is no causal 
curve connecting p to q then it is understood that d{p, q) = 0. 
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The Lorentzian distance is clearly a non-conformally invariant concept as the 
Lorentzian length changes under multiplication of the metric by a positive 
function. However, given the function d the chronological relation is deter- 
mined through the equivalence (x, 2;) G -v^ d{x, z) > 0. It must therefore 
be possible to relate more or less directly some properties of the Lorentzian 
distance with the causality properties of spacetime. 

As a matter of fact there can be more than one characterization of a given 
causality property. For instance, future distinction can be characterized as [H 
Lemma 4.23] 

for each pair of distinct p, g G M, there is some x G M, 
such that exactly one of d{p, x) and d{q, x) is zero, 

which is merely a restatement of the original definition, x ^ z ^ I~^{x) 7^ 
I~^{z), taking into account the equivalence {x,z) G J"*" -v^ d{x,z) > 0. Alter- 
natively, there is the possibility of characterizing a spacetime as future dis- 
tinguishing through the following theorem which is analogous to Theorem 
4.27] for strong causality. 

Theorem 1.1 A spacetime is future distinguishing iff every point x E M ad- 
mits arbitrary small neighborhoods V such that the restricted distance d{x, ■)\v '■ 
V — i> [0, -|-oo] coincides with dv{x,-) where dy is the Lorentzian distance of 
spacetime {y,g\y). (Moreover, in this case V can be chosen globally hyperbolic, 
so that d{x, ■)\v is actually finite and continuous.) An analogous past version 
holds. 

(the proof is postponed to the end of the introduction) 

Characterizations of the last type should be preferred because, although some- 
times more difficult to obtain, they provide new information on some non- 
trivial features of the Lorentzian distance, namely its finiteness, continuity 
and locality properties. 

The Lorentzian distance has been successfully used to characterize in this 
way some causality properties among which the most important are strong 
causality and global hyperbolicity [1]. In the literature no characterization 
can be found of causal continuity and causal simplicity, a gap which will be 
filled by this work. 

I refer the reader to [2] for most of the conventions used in this work. In 
particular, I denote with (M, g) a C" spacetime (connected, time-oriented Lo- 
rentzian manifold), r G {3,. ..,00} of arbitrary dimension n > 2 and signature 
(— , -|-, . . . , -|-). On M X M the usual product topology is defined. For conve- 
nience and generality I often use the causal relations on M x M in place of 
the more widespread point based relations I~^{x), J^{x), E~^{x) (and past 
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versions). The subset symbol C is reflexive, X C X. 

With (M, g) it is denoted the conformal structure namely the class of space- 
times which share the same time orientation of a representative (M, g) but for 
which the metric may differ from g hj a positive conformal factor g' = Q{x)g, 
Q > 0. With the boldface notation g it is also denoted the set of metrics 
conformal to g. 1 shall write "spacetime {M,g)" by meaning with this the 
conformal structure. 

A classical result by Beem and Ehrlich [3], Theorem 3.5], |1| Theorem 4.30], 
states that a strongly causal spacetime (M, g) is globally hyperbohc if and 
only if for every g & g, dg : M x M ^ [0, +oo] is flnite valued where dg 
is the Lorentzian distance of {M,g). In this case the Lorentzian distance is 
also continuous [H Lemma 4.5], and moreover, whenever {p,q) G J"*", it is 
maximized by a suitable connecting geodesic r], d{p,q) = lij]). These good 
properties are lost even by considering the property of causal simplicity which 
stays just below globally hyperbolicity in the causal ladder of spacetimes [HE]. 
Nevertheless, I shall prove in this work that both causal simplicity and causal 
continuity admit a characterization through the continuity properties of the 
Lorentzian distance function. Moreover, the continuity of the Lorentzian dis- 
tance in all the conformal class can also be used, in the same way as the 
finiteness property, to characterize global hyperbolicity (see theorem 13. 6p . 

Recall that a spacetime is causally simple if PI5] it is causal and J"*" = J"*", 
while it is causally continuous if [7| it is weakly distinguishing (i.e. /+(x) = 
/+(?/) and I~{x) = I~{y) ^ X = y) and reflective (i.e. I^{y) C /+(x) 4^ 
/^(x) C I^{y)). A spacetime is future distinguishing if /+(x) = I^{y) => 
X = y. Analogously, it is past distinguishing if I^{x) = I^{y) => x = y. 
A spacetime is distinguishing if it is both future and past distinguishing. A 
spacetime is non-total imprisoning if no future inextendible causal curve is 
contained in a compact (replacing future with past gives the same property 
[8]|9] ). A spacetime is non-partial imprisoning ii there is no inextendible causal 
curve which returns, in the past or future direction, indeflnitely into a compact. 

It will be useful to keep in mind the chain of implications: global hyperbolicity 
^ causal simplicity ^ causal continuity ^ stable causality ^ strong causality 
^ non-partial imprisonment ^ distinction =^ past or future distinction ^ 
weak distinction ^ non-total imprisonment =^ causality (see p^][2][9] ). Finally, 
recall that a set is an arbitrarily small neighborhood of a; G M, if it can 
be chosen to be contained in any given neighborhood of x. The reader will 
be assumed to be familiar with the limit curve theorem given in [5] (which 
generalizes and strengthens the limit curve theorem given in [1]). This is the 
only limit curve theorem to which we shall make reference throughout the 
paper. 
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We end the section by giving the proof to theorem 11.11 



PROOF, [of theorem [H] 

=>. In this direction the proof has been given by the author in [TTl Theorem 
2.12]. It is included here for completeness. 

Since M is future distinguishing [21 Lemma 3.10] for every open set U 3 x 
there is a neighborhood V G U, V 3 x such that every causal curve starting 
from X and ending at y E V, is necessarily contained in V (this is stated also 
in [ini Sect. 6.4]). As a consequence d{x,-)\v '■ V — >• [0, +oo] coincides with 
dv{x, ■), where dy is the Lorentzian distance on the spacetime (y,g\v)- 

Moreover, the same proof [2l Lemma 3.10] shows that in this case V can be 
chosen globally hyperbolic when regarded as a spacetime with the induced 
metric. Since V is globally hyperbolic dv{x, ■) is continuous and finite and so 
is d{x, ■)\v : V [0,+oo]. 

<^=. It is obvious that for every point x and open neighborhood V 3 x, 
C I'^i^x) n V. The converse is true provided we choose V so that 
dv{x, ■) = d{x, ■)\v because if ?/ G I~^{x) fl V then d{x,y) > which implies 
dv{x,y) > and hence y G I^{x, V). Thus for every x there is an arbitrary 
small open set V such that I^{x, V) = I^{x) fl V. This property characterizes 
future distinction, see 0, Lemma 3.10 and Remark 3.12]. □ 



2 Continuity on the vanishing distance set 

The Lorentzian distance vanishes on the vanishing distance set (M x M)\I~^. 
This set is clearly conformally invariant, despite the fact that the Lorentzian 
distance is not. The idea is to use the continuity properties of the Lorentzian 
distance on (M x M)\/+ to characterize causal simplicity and causal continu- 
ity. Note that the Lorentzian distance vanishes on the open set (M x M)\/+ 
thus it is there continuous. Hence the Lorentzian distance is continuous on the 
vanishing distance set if and only if it is continuous on = (for a proof 
of this equality and = J'^ see [2]). 

Lemma 2.1 Let {M,g) be a non-total imprisoning spacetime and let {x,z) G 
J~^\J^ . There is a representative of the conformal class such that the Loren- 
tzian distance is not finite in any neighborhood of {x,z), in particular it has 
an infinite discontinuity at {x, z) where the Lorentzian distance vanishes. 

PROOF. Let (M, g) be any representative in the conformal class. Let 7„ be 
a sequence of timelike curves with endpoints {x^Zn) — >■ {x,z). There is no 
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compact set which contains an infinite subsequence of 7^ (otherwise by non- 
total imprisonment and according to the hmit curve theorem [5] there would be 
a limit continuous causal curve connecting x to z which is impossible because 
{x, z) ^ J^) thus for every compact set all but a finite number of 7„ are not 
contained in the compact set. Let h be an auxiliary complete Riemannian 
metric on M, let p be the associated distance, and let Bn{x) be the open balls 
centered at x and of radius n with respect to h. It is possible to pass to a 
subsequence, denoted again 7„, such that there is Pn ^ 7n H [M\Bn{x)]. Let 
n„ > 1 be a smooth function equal to 1 outside = {r & M : n — 1 < 
p{x, r) < n} and sufficiently large in An so that the Lorentzian length with 
respect to the metric find of the timelike segment of 7„ connecting x„ to pn 
is larger than n. Let y G I~{x), w G I~^{z), so that for sufficiently large 
n, y < a;„ < p„, dn^g{y,Pn) > dn^g{xn,Pn) > n. Defined = n„fi„, it 
holds dfig{y,Pn) > n for sufficiently large n. Since for sufficiently large n, 
y <^Pn<^w, 

dng{y,w) > dng{y,Pn) + dng{pn,w) > dng{y,Pn) > n 

thus d^g{y, w) = +00 and since y and w can be chosen arbitrarily close to x and 
z, where dng{x,z) = as {x,z) ^ J+, there follows the infinite discontinuity 
of dfig at (x, z). □ 

Theorem 2.2 The non-total imprisoning spacetime {M,g) is causally simple 
if and only if for every metric g in the conformal class the Lorentzian distance 
is continuous on the vanishing distance set. 



PROOF. In this direction the proof has been given by the author in [TT| 
Theorem 3.10]. It is included here for completeness. 

Assume that (M, g) is causally simple and let (x, z) G so that d{x, z) = 0. 
If (x, z) is a discontinuity point for d, then there is a e > and a sequence 
{xn, Zn) — * {x,z), such that d{xn, Zn) > 6 > 0. In particular {xn,Zn) G 
and {x,z) G = = E'^ , by causal simplicity [2], Lemma 3.67]. Let 

•jn be causal curves connecting x„ to z„ and such that limsup„^_,_oQ /(7„) > e 
(for instance let /(7„) > d{xn, Zn) — ^ if d{xn-, Zn) < +00 and /(7n) > n 
if d{xn,Zn) = +00). By the limit curve theorem there is a continuous causal 
curve 7 passing through x and a distinguishing subsequence jj which converges 
to it. But by construction any event y x, z, of ■j is the limit of events yj G ■jj, 
{xj,yj) G J^, hence {x,y) E = and analogously {y,z) G J~^, thus 7 
must be a lightlike geodesic connecting x to z, otherwise (x, z) G Finally, 
by using the upper semi-continuity of the length functional 

d{x,z) > /(7) > limsup/(7j) > e > 0. 

j— >+oo 
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The contradiction proves that (x, z) cannot be a discontinuity point for the 
Lorentzian distance. 

<^=. Since (M, g) is non-total imprisoning it is causal. Assume that (M, g) is not 
causally simple, then since a causally simple spacetime is a causal spacetime 
for which J"*" = J"*", it must be 7^ that is there is a pair (x, z) G J^\J'^. 
The thesis is now a consequence of lemma 12. 1[ □ 

Recall that the timelike diameter of a spacetime (M, (7) is defined by 

diam(M, ^f) = sup{d{p, q) '■ p,q & M} 

that is, it is the least upper bound of the Lorentzian lengths of the causal 
curves on spacetime. 

Lemma 2.3 Let h be an auxiliary complete Riemannian metric on M and let 
p be the associated distance. Let q & M and let Bn{q) = {r : p{q,r) < n} be 
the open balls of radius n centered at q. If {M,g) is strongly causal, then there 
is a representative g, such that diam{M,g) is finite and for every e > there 
is a n eN such that if •y : I ^ M is any causal curve, 




that is, its many connected pieces contained in the open set M\Bn have a total 
Lorentzian length less than e. 

PROOF. Let ^ be a representative in the conformal class. Every point p 
admits a causally convex neighborhood U{p) such that its closure is com- 
pact and contained in a globally hyperbohc neighborhood V D Lf. Since U 
is causally convex in M the Lorentzian distance of spacetime {U,g\u) coin- 
cides with d\uxu where d is the Lorentzian distance of {M,g). However, since 
V C M, U is also causally convex in V, thus this same distance coincides 
with the restriction of d^v,g\v) ^^e set U x U, but since UxUgVxV is 
compact and d(^v,g\v) is continuous, c?|[/x(7 is actually bounded and continuous. 
Thus there is a constant that bounds the Lorentzian length of all the causal 
curves contained in U. 

Every compact set Wn = Bn+2{q)\Bn+i{q) can be covered with a finite number 
of such causally convex neighborhoods U (pi) with compact closure contained 
in B„+3{q)\B„{q) . Let A„ = UiU{pi), A„ C 5„+3(g)\i?„(g). Since every causal 
curve r] can pass through U{pi) only once, and the segment there contained is 
bounded by a constant depending on the causally convex neighborhood, the 
length of (the many pieces of) 77 fl Wn is bounded from above by a constant 
kn independent of rj. Let e > be given and let < n„ < 1 be a conformal 
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factor such that i7„ = 1 outside Bn+3{q)\Bn{q) and sufficiently small on An 
that kn < 

Defining g = (n„i7„)^ the Lorentzian distance d of {M,g) is such that if 7 is 
a causal curve the length of the many pieces of 7 fl M\Bn+i (q) is bounded by 
Y^f^ ki = From this fact the thesis follows. □ 

Theorem 2.4 The strongly causal spacetime {M,g) is causally continuous if 
and only if there is a metric g in the conformal class such that the Lorentzian 
distance is continuous on the vanishing distance set. 

PROOF. <^=. In this direction the proof has been given by the author in [111 
Corollary 3.4]. Actually it suffices to assume weak (or even feeble) distinction 
instead of strong causality. I repeat the proof here for completeness. Assume 
{M,g) has a continuous Lorentzian distance on the vanishing distance set. 
Note that we have only to prove that (M, g) is refiective. If (M, g) were not 
refiective then it would be non past or non future refiective. We can assume 
the first possibility as the other case can be treated similarly. Thus there is 
a pair {x,z) and an event y such that D but y G I^{x) while 

y ^ In particular, d{y,z) = 0. Since I^{z) C I^{x), z G Let 

Zn ^ z, Zn & then 

d{y, Zn) > d{y, x) + d{x, Zn) > d{y, x) > 0, 

thus there is a discontinuity at {y, z), where d{y, z) = 0, a. contradiction. 

Let {M,g) be causally continuous and let q G M. Consider the rep- 
resentative (M, g) in the conformal class with the properties mentioned in 
the statement of lemma 12.31 and let h be the complete Riemannian met- 
ric there mentioned. We have to show that d is continuous at {x,z) G /"*", 
that is if (xfc, Zk) (x, z) then for any given e > 0, for sufficiently large k, 
d{xk, Zk) < e. If it were not then there would be a e > and a subsequence 
(x„, Zn) — ^ {x, z) such that d{xn, Zn) > e. Since the timelike diameter is fi- 
nite d{xn, Zn) < +00 and we can consider a limit maximizing sequence of 
timelike curves 7„ connecting Xn to Zn with length /(7„) > e (limit maximizing 
means d{xn, Zn) — /(7n) — > 0). Note that x ^ z, indeed ii x = z since l{jn) > e 
there is a neighborhood U of x such that none of the curves 7„ are contained 
in U (the bound to the Lorentzian length is a consequence, see [S], proof of 
(b) theorem 2.4], of the bound on the Riemannian length, which goes to zero 
with the size of the neighborhood see [U Sect. 3.3] [5, Lemma 2.5]). However, 
by strong causality at x this is impossible, thus it must he x ^ z. 

Parametrize 7^ with respect to /i-length, so that they have domain [a„,6„], 
Xn = InicLn), = 7n(&n)- Wc are goiug to apply the limit curve theorem [5l 
Theorem 3.1] case 2. The limit causal curve cannot connect xtoz for otherwise 
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this causal curve would have length lim„^+oo ^(7n) = ^i^n-*+ood{xn, Zn) > e 
(see [llSj) and hence {x,z) G J"*" a contradiction (thus subcase b < +00 of [5l 
Theorem 3.1] case 2 does not apply). 

We are now going to prove that there is a subsequence (denoted in the same 
way) such that for sufficiently large n, l{'^n) < e which again is a contradiction. 




Fig. 1. The sequence of causal curves 7n has only a finite number of limit curves 
intersecting the compact set Bn- Indeed, since the convergence is uniform on com- 
pact subsets to each limit curve, given a causally convex neighborhood intersected 
by the limit curve U C i^Af+i, the limit sequence has to enter and escape it. This 
can happen only a finite number of times (at most once for each causally convex 
set U of the covering of Bn) thus the limit curves are finite in number. Since the 
limit causal curves are all lightlike geodesies, by the upper semi-continuity of the 
length functional the contribution to the length of 7„ coming from Bn+i can be 
controlled. 

Choose N so that the compact set Bpf^q) is such that the Lorentzian length 
of 7nM\57v(g) is smaller than e/2, where 7 is a generic causal curve. Passing 
to a subsequence it is possible to assume that lim(6„ — a„) exists, in particular 
since subcase b < +00 of |5l Theorem 3.1] case 2 does not apply it must be 
lim(6„ — a„) = +00. If all but a finite number of 7„ do not intersect i?Ar(g), 
then there is nothing to prove. 

More generally there will be some limit point in Bn and hence some limit 
curve (see figured]). Observe that every limit curve must be either a lightlike 
line or a lightlike ray (starting from x or ending at z) . Indeed, assume on the 
contrary that the limit curve has two points p q, then since {x,p) G J"*" by 
future refiectivity p G J^{x), analogously, {q,z) G J"*" and by past refiectivity 
q G J~{z), finally, since is open x <^ z a. contradiction. 

Note that every limit curve, since the spacetime is non-partial imprisoning, has 
to escape B^+i to never reenter it. Moreover, let {L^i, . . . , Uk}, Ui C -Bat+i, be 
a covering of B^ with causally convex subsets with compact closures. The limit 
curve intersects and escapes at least one of these sets and thus, for large n, 
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the same is true for the curves 7„, which converge to the hmit curve uniformly 
on compact subsets (with respect to a complete Riemannian metric). Thus 
it is possible to find a subsequence (denoted in the same way) which has at 
most k limit causal curves passing through Bjsi and such that all the limit 
points belong to one of these curves. Since the convergence is uniform on 
compact subsets, the length functional is upper semi-continuous and the limit 
curves are all lightlike, for sufficiently large n the contribution to the length 
of 7„ coming from the open set -Bat+i is less than e/2 for sufficiently large 
n. Moreover the length coming from the open set M\5jv is again e/2, thus 
Kin) < e, for sufficiently large n, and the thesis is proved. □ 



3 Characterizations of global hyperbolicity 

In this section a new characterization of global hyperbolicity in terms of the 
Lorentzian distance is obtained. 

Lemma 3.1 In any spacetime the two properties 

(i) \/x,z, J+(x) n J~{z) is compact, 
(a) Vx, z, /+(a;) n I~{z) is compact, 

are equivalent, and implied by 

(Hi) Wx,z, J^{x) n J^{z) is compact. 

In a non-total imprisoning spacetime they are all equivalent. 

PROOF, (i) ^ (ii). Since J+(x) C J+(x), I-{z) C J~{z), the clo sed set 
/+(x) n I^{z) being a closed subset of the compact set J+(x) fl J^{z) is com- 
pact. 

(ii) ^ (i). Take x' <^ x, z' ^ then J+(x') fl /~(z') is compact. Since 

C /^(x'), J i^z') C / (-z), the closed set J+(x) Pi J {z) being a closed 
subset of the compact set /+(x') Pi I~{z') is compact. 

(iii) =^ (i). Trivial. 

(i) =^ (iii) in the non-total imprisoning case. Assume (M, g) is non-total im- 
prisoning. We are going to prove that (i) implies the closure of J^{y) and J~{y) 
for all y. From that it follows for every x,z, J+(x) fl J~{z) = J'^{x) fl J^{z) 
and thus the compactness of this last set. Assume for instance that J^{y) is 
not closed and let w G J^{y)\J^{y). Take r 3> w, and a sequence r„, such 
that w <^ r„ ^ r, r„ — > w. Let (T„ be causal curves connecting y with r„. They 
are all contained in the compact set C = J~^{y) H J~{r). By the limit curve 
theorem [5] there is a limit causal curve a starting from y, which necessarily 
joins y to w, otherwise a would be future inextendible but contained in the 
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compact C, in contradiction with non-total imprisonment. Thus w G J~^{y) 
again a contradiction which proves that J^{y) = J^{y). □ 

Remark 3.2 In the previous lemma non-total imprisonment cannot he weak- 
ened to causality, see Carter's example /TOj Fig. 39]. 

As a prehminary step we obtain this new characterization of global hyperbol- 
icity. 

Corollary 3.3 A spacetime is globally hyperbolic iff it is non-total imprison- 
ing and such that for every pair x,z & M , I+{x) fl I^{z) is compact. 

PROOF. It suffices to recall that a spacetime is globally hyperbolic iff it is 
causal and for every x, z, J^{x) fl J~{z) is compact [2]|6] . □ 

Remark 3.4 Non-total imprisonment cannot he weakened to causality, see 
again Carter's example fTI\ Fig. 39]. 

Lemma 3.5 A causally simple spacetime is globally hyperbolic or it is possible 
to find events x, 2 G M, x <^ z, such that J~^{x) fl J~{z) is not compact and 
there is a sequence of causal curves cr„ : [0, an] ^ M of endpoints x and z, 
such that no subsequence of an is contained in a compact set, an converges 
uniformly (with respect to a complete Riemannian metric) on compact subsets 
to a future lightlike ray a^ starting from x, and the reparametrized sequence 
an{t) = cr„(t — a„), cr„ : [— a„,0] — > M converges uniformly on compact subsets 
to a past lightlike ray ending at z. 

PROOF. Assume (M, is not globally hyperbolic then since it is non-total 
imprisoning there are p <^ q such that I^{p) fl I~{q) is not compact thus since, 
n/^(g) C /+(p)n/^(g) = J+(]9)nJ^(g), this last set is not compact. Let 
7 : R ^ M be a timelike curve connecting p to q, such that p = 7(0), q = 7(1). 
Let B be the set of closed intervals [a,b], a,b G [0, 1], such that J"'"(7(a)) fl 
J~(7(5)) is not compact (by causahty a < b). The set B is not empty because 
[0, 1] G B. Moreover, the set B is ordered by inclusion and we want to prove 
that it admits a minimal element. By Hausdorff's maximum principle there 
is a maximal (totally ordered) chain C. The arbitrary intersection of convex 
intervals is convex, thus the intersection of the elements in the maximal chain, 
being the intersection of connected non-empty compact intervals is a non- 
empty (this is a standard result in topology [12]) connected compact interval 
[a, 6], a, 6 G [0, 1], a < b. 

Actually, a < b because of the following argument. Assume d = b, the point 
7(a) admits a causally convex neighborhood V with compact closure, and 
there is e > 0, such that the image of ■j\[a-e,a+e\ is contained in V. The interval 
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[a, a + e] cannot belong to all the elements of the maximal chain, nor can the 
interval [a — e, a] thus there is an interval [a', b'] belonging to the maximal 
chain such that [a', b'] C (a — e, a + e), thus J"*" (7(0 — e)) fl J~{'j{a + e)) is not 
compact which is impossible because it is contained in V. The contradiction 
proves that a < b. 

Define a; = 7(a) and 2; = 7(6). In order to prove the minimality of [a, b] on B 
we have only to show that D = J~^{x) fl J~{z) is not compact, the minimality 
of [a, b] would follow trivially from the maximality of the chain C. 

Since [a, b] is the intersection of the elements of C, it is possible to construct (by 
arguing as above) sequences Un ^ a, bn ^ b, a > a„+i > a„, 6 < bn+i < 
such that J"'"(7(a„)) fl J~{j{bn)) is not compact. 

Note that Cln J' ili^n)) C J^{z) indeed, if w E J~{'y{bn)) for all n, then 
7(6n) G J~^{w) and since 7(6„) z, z E J^{w) = J'^{w) which implies 
w e J~{z). Analogously, f]j^J~^{'y{an)) C J^{x). We conclude 

n [J+(7K)) n J-{i{bn))] c J+(x) n J-{z). (1) 

n 

Assume that D = J~^{x) fl J~{z) is compact, let hhe a. complete Riemannian 
metric and let B^ip) be the open ball of /i-radius n centered at p. Let N 
such that D C Bn{p) and let E = Bn+i{p)\Bn{p) be a compact shell which 
contains D in its interior. Note that E fl J"'"(7(a„)) fl J^^Ciipn)) is non-empty 
because the causal curves issued from 7(an) and reaching 7(6„) are not all 
included in a compact set (recall that the sets J"'"(7(a„)) fl J"(7(6„)) are non 
compact) and thus some of them cross E. The sets E fl J+(7(a„)) fl J^ijipn)) 
give a nested family of non-empty compact subsets whose intersection is, by 
Eq. ([1]), the empty set which is impossible. The contradiction proves that D 
is not compact, and thus [a, b] is a minimal element for B. 

Let CTfe be a sequence of causal curves not all contained in a compact connecting 
X io z. By the limit curve theorem [5] there is a subsequence cr^ : [0, a^] — M 
and limit curves cr^ and cr^ as in the statement of this theorem, but for their ' 
lightlike ray' nature which we have still to prove. This is indeed a consequence 
of the minimality of [a, 6]. Assume for instance that is not a lightlike ray, 
then there is w G (T^\{x}, such that x ^ w, and since /"'" is open there is 5 > 0, 
and x' = 7(5 + 6), such that (x', w) G Since w is a limit point for o"„, it is 
possible to construct a sequence of causal curves a'^ not entirely contained in a 
compact, which connects x' to z. This fact implies that, J^{x') fl J~{z) is not 
compact and hence that [a + 6,b] E B in contradiction with the minimality of 
[a, b] in B. □ 



Theorem 3.6 A non-total imprisoning spacetime (M, g) is globally hyperbolic 
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Remove 




X 



Fig. 2. The argument of lemma [331 which allows us to construct lightlike rays 
and in a causally simple non-globally hyperbolic spacetime (here given by 1+1 
Minkowski spacetime with the usual coordinates {t,x) restricted to x > 0). 

if and only if for every metric choice in the conformal class the Lorentzian 
distance is continuous. 



PROOF. This implications is well known, see [H Corollary 4.7]. 
<^=. For the converse, assume the spacetime (M, g) is non-total imprisoning and 
that for every metric choice in the conformal class the Lorentzian distance is 
continuous. By theorem 12.21 the spacetime (M, g) is causally simple. Let h be 
a complete Riemannian metric on M and let q G M. Take as representative g 
the metric selected by the statement of lemma [2T3l and let Bn{q) be the open 
balls of /i-radius n centered at q. By lemma 12.31 diam(M, g) is finite. Assume 
that (M, g) is not globally hyperbolic, then there are x, z & M, x <^ z, as in the 
statement of lemma [231 Since dia.m{M, g) is finite, dg{x,z) < +oo. The idea 
is to conformally change the metric outside the closed set J^{x) fl J~{z). Any 
such change necessarily leaves unaltered the distance between x and z but the 
conformal factor can be chosen so that there is a infinite discontinuity for the 
new Lorentzian distance. Let 2;^ ^ be a sequence of points such that Zn — > z, 
and let w„ G cr^ be a sequence of points such that W7„ +00 (i.e. it escapes 
every compact; recall that (M, g) is non-total imprisoning thus the past ray 
escapes every compact). There are timelike curves //„ connecting Wn to z^ and 
this curve has no intersection with J~{z) but for the starting point Wn, for 
otherwise Wn G I~{z) which is impossible because is a lightlike ray. Without 
loss of generality we can assume that there is > such that for n > N, 
rjn intersects the open set A„ = i?„+i(g)\{i?„(g) U [J^{x) fl J~{z)]} (just pass 
to a subsequence and relabel it). Let f2„ : M — > [1, +00), be a function equal 
to 1 outside An and sufficiently large on An that the Lorentzian length of rjn 
with respect to flng is greater than n. Define g = Unfing, then dg{wn, Zn) > n, 
and thus since Wn G J~^{x), dg{x,Zn) > n which implies that there is an 
infinity discontinuity on the Lorentzian distance dg ) {x, z). The 

contradiction proves that the spacetime is globally hyperbolic. □ 
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4 Conclusions 

It has been proved that causal simplicity and causal continuity can be charac- 
terized through the continuity properties of the Lorentzian distance at those 
pairs of events where it vanishes. The non-total imprisoning spacetime is 
causally simple if and only if for every metric choice in the conformal class the 
Lorentzian distance is continuous wherever it vanishes. Similarly, a strongly 
causal spacetime is causally continuous if and only if there is at least one 
choice of metric in the conformal class such that the Lorentzian distance is 
continuous wherever it vanishes. Using some preliminary lemmas it has also 
been shown that a non-total imprisoning spacetime is globally hyperbolic if 
and only if the Lorentzian distance is continuous for every choice of metric in 
the conformal class. 

Other results obtained in this work are the characterization of the distinc- 
tion condition given by theorem ILII and that of global hyperbolicity given by 
corollary 13. 3[ 



Acknowledgments 



This work has been partially supported by GNFM of INDAM. 



References 



[1] J. K. Beem, P. E. Ehrlich, and K. L. Easley, Global Lorentzian Geometry (Marcel 
Dekker Inc., New York, 1996). 

[2] E. Minguzzi and M. Sanchez, The causal hierarchy of spacetimes, VoL H. Baum, 
D. Alekseevsky (eds.), Recent developments in pseudo-Riemannian geometry, 
of ESI Led. Math. Phys. {Em. Math. Soc. Publ. House, Zurich, 2008), 299-358, 
( arXiy:gr-qc/06091 19 v3) . 

[3] J. K. Beem and P. E. Ehrlich, The spacetime cut locus. Gen. Relativ. Gravit. 
11 (1979) 89-103. 

[4] S. W. Hawking and R. K. Sachs, Causally continuous spacetimes, Commun. 
Math. Phys. 35 (1974) 287-296. 

[5] E. Minguzzi, Limit curve theorems in Lorentzian geometry, J. Math. Phys. 49 
(2008) 092501. 

[6] A. N. Bernal and M. Sanchez, Globally hyperbolic spacetimes can be defined as 
'causal' instead of 'strongly causal'. Class. Quantum Grav. 24 (2007) 745-749. 



13 



[7] E. Minguzzi, Weak distinction and the optimal definition of causal continuity, 
Class. Quantum Grav. 25 (2008) 075015. 

[8] J. K. Beem, Conformal Changes and Geodesic Completeness, Commun. Math. 
Phys. 49 (1976) 179-186. 

[9] E. Minguzzi, Non-imprisonment conditions on spacetime, J. Math. Phys. 49 
(2008) 062503. 

[10] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-Time 
(Cambridge University Press, Cambridge, 1973). 

[11] E. Minguzzi, On the causal properties of warped product spacetimes, Class. 
Quantum Grav. 24 (2007) 4457-4474. 

[12] R. Engelking, General Topology (Helderman Verlag, Berlin, 1989). 



14 



